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Abstract. We study the representations and enveloping C*-algebras for Wick 
analogues of CAR and twisted CAR algebras. Realizations of the considered 
C*-algebras are given as algebras of continuous matrix-functions satisfying 
certain boundary conditions. 



Introduction 

In this paper we study ^representations and enveloping C* -algebras for some 
versions of the canonical anti-commutation relations. 

Recall that the CAR algebra with d degrees of freedom is generated by a, , a*, 
i = 1, . . . d, and the relations 

a*a,i + did* = 1, af — 0, i = 1, . . . d, 
(0.1) a*aj = —a,ja*, ajai — —a; L a^ i 

It is known that the Fock representation is the unique irreducible representation of 
(|0.1|) and the C*-algebra generated by (|0.1|) is isomorphic to M 2 d(C). 

We consider an interpolation between CCR and CAR known as q-CCR, pro- 
posed by A.J.Macfarlane and L.C.Biedenharn for d = 1, see O IM3| and by 
O.Greenberg, D.Fivel, M.Bozeiko and R.Speicher for general d, see |B8l iFl 
Namely, the higher-dimensional q-CCR have the following form 

(0.2) a*cij = Sijl + qaja*,i = 1, . . . ,d, 5 € (— 1, 1). 

Another well-known deformation of CAR, called twisted CAR, was introduced 
and studied by W.Pusz, see |P2]. The twisted CAR *-algebra (TCAR) is generated 
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by cii, a* , i = 1, . . . , d, subject to the following relations 

a*a,i = 1 — did* — (1 — /i 2 ) aja*, i = 1, . . . , d, /i£ (0, 1), 

j<i 

(0.3) a i a j = ^^ a j a *ii 0-j a i — —^CLiClj, 1 < j, 

af = 0, i = 1, . . . , d. 

The Fock representation is the unique irreducible representation of TCAR, and 
as in the non-deformed case the C* -algebra generated by TCAR coincides with 
AMC). 

The Wick analogue of TCAR (denoted below as WTCAR) one obtains from 
TCAR taking away the relations between o^, a,j. This algebra was studied in 
JSWl IPT) . In particular, it was shown that in any representation of WTCAR the 
relations 

cijCLi = —/MJiCij, i < j, of — 0, i = 1, . . . , d — 1, 

are satisfied and the irreducible representations of WTCAR were classified. 

The g-CCR and the WTCAR with d = 1 are closely related with a *-algebra 
known as the quantum disk. That is a ^-algebra generated by a and a* satisfying 
the relation 

(0.4) a*a- qaa* = (1 - q), q € (-1,1). 

The family of C*-algebras D q generated by l|0.4fl was studied by many authors, see 
for example, |NN| . 

If in (|0.2(l we put q — — 1 and in H0.3[l put fi = 1 we get the Wick analogue of 
CAR, i.e. the ^-algebra generated by relations of the form 

(0.5) a*cii + aid* — 1, i = 1, . . . d, 

a*a 3 = -dja*, i ^ j. 

In j.TWj P.E.T. J0rgensen and R.F. Werner studied representations of WCAR 
using the representation theory of Clifford algebras. In particular, it was shown 
that in the irreducible representations of (|0.5f) . for any pair one has 

a t aj + ajUi = j/y, where y lj S C, ||(?/y)|| < 1. 

It was also stated in |.TWj that for any Y = (yij), yji — yij £ C with ||F|| < 1 
there exists an irreducible representation of i|U.5fl with 

(0.6) ajOj -I- ajai = y^. 

Moreover, the C*-algebra £(— 1, Y) generated by relations l|0.5(l . (|0.6(l was shown 
to be either isomorphic to M„(C) or to M„(C) M„(C) for appropriate n € N. In 
particular, this fact implies that for any fixed Y, \\Y\\ < 1, Y T = Y, there are at 
most two non-equivalent irreducible representations of relations 10.5fl . (|0.6fl . Here 
we continue the study of C* -algebras associated with WCAR. 

Our paper is organized as follows. In Section 1 we give some definitions and 
facts used in the paper and fix notation. 

In Section 2 we obtain a realization of WTCAR algebra as algebra of contin- 
uous matrix-functions satisfying some boundary conditions. Analysis of the case 
d = 1 is crucial. Note that for d = 1 we get, up to normalization, the quantum disk 
with q = — 1, called also the "non-commutative circle". The C* -algebra D_i was 
studied in |NN| . In particular it was shown that D_i can be faithfully embedded 
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into the algebra, C{D 2 — * M2(C)), of continuous matrix-functions on the unit disk. 
We make this result more precise and show that D-\ is isomorphic to an algebra of 
continuous 2x2 matrix-functions on the disk D 2 satisfying certain boundary con- 
ditions on S 1 = dD 2 . Note that it is more convenient for us to use the embedding 
of D_i into M 2 (C (D 2 )) in the form different from the one presented in |NN| . 

In the Section 3 we study representations of WTCAR with d — 2 using a 
dynamical systems technique, see |OS| . For any y G C, \y\ < 1 we give a pa- 
rameterization of the unitary equivalence classes of irreducible representations and 
describe the C*-algebra £(—1, y) generated by relations 

a*di + did* = 1, i = l,2, 
(0.7) a\a 2 = -a 2 a\, 

a 2 ai + aia 2 = y. 

Further we prove that the set of the isomorphism classes of £(— l,y) consists of 
three elements: [£(-1,0)], \£(-l,y), < \y\ < 1] and [£(-l,y), \y\ = 1], where 
by [■] we denote the class of isomorphic algebras. We also describe the C*-algebras 
£{s), < s < 1, defined by (|0.7|) where y takes any value from the set {e < \y\ < 1}. 
The isomorphism question is also discussed. 

In Section 4 we describe the enveloping C* -algebra of WCAR. 

1. Preliminaries 

In this section, for convenience of the reader, we fix some notation and recall nec- 
essary definitions and facts used in the paper. 

Let A be a ^-algebra, having at least one representation. Then a pair (A, p) of 
a C* -algebra A and a homomorphism p : A — > A is called an enveloping pair for A 
if every irreducible representation ir : A ^ B(H) factors uniquely through A, i.e. 
there is a unique irreducible representation ~k\ of the algebra A satisfying tt± o p = n. 
The C* -algebra A is called an enveloping for A. An enveloping C* -algebra for a 
*-algebra A is unique and exists iff the set of bounded representations of A is not 
empty and A is ^-bounded, i.e. for any a € A one can find C a > such that for 
any bounded representation, ir, ||7r(a)|| < C a . 

The following statement is a simple corollary of the non-commutative analogue 
of the Stone- Weierstrass theorem (see |Fl IV) 1. 

Theorem 1.1. Let Y he a compact Hausdorff space. Let C C B be sub- 
algebras of A = C(Y — > M„(C)). For every pair x\,x 2 G Y define B(xi,x 2 ) 
{C(x\,x 2 ) respectively) as : 

B{x u x 2 ) := {(f( Xl )J(x 2 )) G M„(C) x M„(C) \f G B}, 

Then 

B = C^ B( yi ,y 2 ) - C(y uy2 ),Vyi,V2 & Y. 

For representations tti, tt 2 of ^-algebra A on Hilbert spaces Tl(wi) and TL(tt 2 ) 
respectively, let C{tti,tt 2 ) be the space of intertwining operators 

C(7Ti,7r 2 ) = {c G 5(«(7r 2 ),«(7ri)) : %i{a)c = cn 2 (a), a E A} . 

Note that C(tti,it 2 ) = {0} iff 7Ti, i^ 2 are disjoint, i.e. m, n 2 do not have unitary 
equivalent subrepresentations. 
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For a *-algebra A C B(H) we denote by A' its commutant, i.e. 

A! = {c£ B(H) : ca = ac, a £ A}. 

In what follows we will identify C™ ® C m with C nm in such way that for A = (a 2 j ) £ 
Af„(C) and B £ M m (C) the matrix A ® B is equal to {a^B) £ M nm (C). 

2. Enveloping C* -algebra for WTCAR 

In this Section we give a realization of enveloping C* -algebra for the ^-algebra, 
generated by WTCAR as algebra of continuous matrix- functions. 

2.1. We first study the case d = 1. Evidently 

(2.1) =C(a,a* | a*a + aa* = 1). 

Above we noted that this C* -algebra is isomorphic to the non-commutative 
circle D-\ studied, in particular in |NN| . To get a realization of D-\ as contin- 
uous matrix-functions we use a classification of its irreducible representations up 
to unitary equivalence. We use method of dynamical systems presented in |OS] in 
order to obtain this classification. Let 7r be a representation of l|2.1[l . We consider 
the polar decomposition of 7r(a) = uc. If 7r is irreducible then l|2.1Jl implies that 
cr(c 2 ) = {x, 1 - x}, < x < i, and u 2 = e**l if x ^ and u 2 = 0, if x = 0. More- 
over the eigenvalues of c 2 should have the same multiplicities (see |OS| ) implying 
that the irreducible representations with a(c 2 ) ^ {^} are two-dimensional and the 
irreducible representations with <r(c 2 ) = {^} are one-dimensional. Finally we have 
the following list of irreducible representations: 

• 2-dimensional: 

(2-2) = ( ^f\x£ [0,1/2U G [0,2,0, 

• 1-dimensional: 

(2.3) p^(o) = ^, ^€[0,2tt). 

An alternative description can be found in |Mll NN . 
Remark 2.1. Let 



(2.4) V{4>) = 



e 2 — e 2 



Then 




V*(^)7ri^(o)V(^) = -j= 

showing that any 1-dimcnsional representation can be obtained decomposing the 
representation 7r^ ^ with some fixed <fi into irreducible ones. 

A result similar to one given in the next theorem can be found in |M1| . Here 
we anyway give a detailed proof of the statement, since it presents in the most 
transparent way an idea of the more tedious proofs of Theorems 13.21 13.31 13.51 

Theorem 2.2. The C* -algebra D-\ is isomorphic to the C* -algebra 

A\ = {/ £ C(D 2 — > M 2 (C)) | VW(e i *)VW)6CeC,V^[0 1 2ir]} 1 

where D 2 = {z £ C : \z\< 1}, and V((j>) is given by the 
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PROOF. Let h = [0, 1/2] and S 1 = {z e C | \z\ = 1}. Firstly we give a "pri- 
mary" realization of We show, that £)_i is isomorphic to 

A = {/ G C(I h x S 1 M 2 (C)) | /(0,e^) = /(0,l), V^g[0,2tt], 

l/*(0)/(l/2,e^)F(</.) is diagonal, V<£ G [0,2tt]}, 

Let a = a (x,e^) : Iix S 1 ^ M 2 (C) be the function given by 1)2. 2[l . i.e. 

2(a;,e*)=7r x ,,(a) = ( 6 ^)- 

One can check that a G Aq. Let A be the C*-subalgebra of A generated by a. 
The isomorphism Ao ~ D—± follows directly from the definition of enveloping pair. 
To prove the equality Aq = Aq we check the conditions of Theorem ll.il i.e. 

(2.5) A ( (zi , ) , (i a , ) ) = A ( , ) , (x 2 , ) ) , 

V(a;i,e i * 1 ),(a:a,e < * a ) 6/ixS 1 . 

Since AoCfci, e^ 1 ), (x 2 , e^ 2 )) C A ((a;i, e^ 1 ), (a: 2 , e^ 3 )) and these algebras are 
finite-dimensional, to prove (|2.5|l it is sufficient to show that their commutants 
are equal. 

On the set Ii x S 1 we introduce the equivalence 

(2.6) (ari.e** 1 ) ~ (x 2 ,e*), iff x x = x 2 = 0. 
Note, that if (xi,e*) * (a; 2 ,e*), then 

C(7T3;i,0i,7rx 2 ^ 2 ) = {0} . 

Since 



A ((x 1 ,e i ^),(x 2 ,e i ^)) = ^ n *u*(P) ^ 



^2,02 



(6) 



& G D_i L 



then 



^((a:i,e^),(^,e i * a )) = |r ^ £ ), A, G K iA (&), 6 G £>_!>'}. 
The inclusion C Aq implies that 

A' (( Xl ,e^),(x 2 ,e^)) = U ^ ^ ^, AiG^e*)}, 

where 

Ajfoe*) = {/(*, e*) | /G A }. 
If (xije'"^ 1 ) ~ (x 2 ,e 1 ^ 2 ) then xi = x 2 = and tt Xi ^ 1 — ^x 2 ,<t>2 = ^o.i- In this case 
A ((0,1), (0,1)) = {(%), Ay G {7r 0) i(6) I b G £>-i}' , i,j = 1,2} 

and 

A ((0,l),(0,l)) = {(A ij ), AtfG 4,(0,1), i,j = l,2}. 
It is left to show that for any (x, <fi) E Ii x [0, 27r) 

{tt m (&), &G =4,(a:,e i *). 
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We consider two cases: x ^ \ and x = \. 

1) Let x 7^ j. Then ~K x ,<j> is irreducible and {^,^(6), 6 G -D-i} = M2(C) implying 
that 

{^(6), 6 e = | ( J M , A G c| = A' (x, 0). 

2) Let a; = \. 

1 



2a) If = then tti Q (a) = -j= I ^ ) ' k° ml< i ar y conditions for / G A 
ly that /(|,0) ~ ^ 5 a ) some a ' ^ e ^' Therefore, 

{ti,o(£>-i)}' = 4,(1/2,0). 
2b) Let <t> G (0, 2?r), F = 7(0) defined by (23- Then 

C G {7r ii0 (D_i)}' VCV G {V*7r ji0 (£>_i)v}' ^ 



~rrv~<{( J o j. a.„g 



Analogously, 



Cg A;((l/2,^))oyTVe {(J °)>a, m g 

So we have Aq = Aq, and therefore -D_i is isomorphic to Aq. The quotient map by 
the equivalence 12.6fl induces the isomorphism Aq ~ A\. 

The proof is completed. □ 

Remark 2.3. From Theorem l2.2l one can get also a description of P(D-i), the 
dual space of D_i (compare with |NNI Theorem 1.1.]) 

Indeed, the isomorphism Z)_i ~ Aq shows that the P2(-D-i), i.e the space 
of all pairwise non-equivalent 2-dimensional irreducible representations of Z?_ i, is 
homeomorphic to the open disk D 2 \dD 2 . 

The injective map from the space of pairs (p±, P± +7r ) of 1-dimensional repre- 
sentations into the space of all 2 dimensional representations, T 2 (D_ 1 ), induces a 
covering over the circle S 1 = dD 2 . Our topology on the dual space P(D_i) can be 
described as follows. Let I2 denote this covering (over S 1 with the structure group 
and fiber Z2). Then P(D-i) = T2 U (D 2 \dD 2 ), and a neighborhood of every x E T2 
is the same as for p(x) e 5 1 = <9£> 2 (it implies that only points from the same fiber 
are non-separable, i.e. for any such point there is no neighborhood which does not 
contain the other point). 

So, to define the topology on the P(D-\) we have only to determine the class 
of isomorphism of the covering X2 . From the formulas for representations one can 
see, that the total space of covering is homeomorphic to S , so it is the unique 
non-trivial one (the trivial coincides with 5 1 US' 1 ). 

2.2. Let us consider the case of general d. Using an algorithm described in 
|P1| one gets the following 

Proposition 2.4. Any irreducible representation of WTCAR is unitarily equiv- 
alent to one of the following 

• 2 d - dimensional representations TT x ,<j>, x G [0,1/2), <fi G [0, 2n), 
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...,d-l, 



• 2 d 1 -dimensional representations <f> G [0,2n), 




,...,d- 1, 



Moreover for different pairs (x,4>), x € (0,1/2), the corresponding representa- 
tions n x ,<j, are non-equivalent; ttq^ ~ tto,</>2 /or any <pi,4>2 € [0, 27r); /or different 4> 
the representations are non-equivalent. 

Remark 2.5. Letting x = \ in l|2.7|l we get also a representation, m ^, of 
WTCAR but a reducible one: 

Theorem 2.6. ITie enveloping C* -algebra C*(B^) for WTCAR is isomorphic 
to M 2 i-i(C) ® 

PROOF. As for the case d = 1, the enveloping C*-algebra coincides with the 
C*-algebra generated by matrix- functions on Ii x S 1 given by (|2.7|l . From (|2.7() it 
also follows that 

d-l 

C*(Tr x>4 (ai), i = l...d-l) = 0M 2 (C)®l, 

and 

e T) eC * ( ^ (a!) ' » = l...d) = C"(B«) 

giving C*(B^ d) ) = Afad-i(C) <g> D_i. □ 

It follows from Theorem 2 that the dual space for C*(Bi d) ) is the same as for 
the algebra We have also 

Corollary 2.7. C*{B {d) ) ~ C*(B ( d) ), < fi < 1. 

3. Representations of WCAR with two degrees of freedom 

In this section we study representations of WCAR with d — 2 and describe the 
corresponding families of C*-algebras. Let £(— 1) denote the enveloping C*-algebra 
of WCAR for d = 2: 

(3.1) £(— 1) = C*(a*ai + aia* = l,i = 1,2, a*<Z2 = — aa^*)- 
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Note, that WCAR is ^-bounded: 1 1 vr ( a / ) 1 1 < 1 for each representation n and i = 1, 2. 

Let us first describe irreducible representations of £(— 1). In what follows if tt is 
a representation of WCAR, we write simply a,i instead of 7r(ai), when no confusion 
can arise. 

Let A = a 2 a\ + a\a 2: then A* A — AA* and a* A = Aa*, i = 1, 2, which allows 
us to apply Fuglede's theorem (see, e.g., [E]) and get Aat = a^A, i = 1,2. So in 
irreducible representation we must have 

(3.2) a\a 2 + a 2 a x — y 

for some y £ C. Moreover we will show below that |y| < 1. 
In the sequel we denote by £(— 1, y) the quotient 

£{-l)/ '(aia 2 +a 2 ai -y). 

3.1. Representations of £{— l,y), y ^ 0. It is easy to check that a\ is 
normal and a*a\ = afa*, i = 1,2. Then by Fuglede's theorem, afa^ = a^af, and 
Schur's lemma implies that a\ — pie 1 ^ 1 . 

Note that in irreducible representation of £{— 1) we have either a\ — (a^) 2 = 
or kerai = kcra^ = {0}. Indeed, kera 2 ^ {0} O- kerai ^ {0}, and kera 2 is 
invariant with respect to a%, a*, i = 1,2. 

Let ai := uici be the polar decomposition of the operator a\. Then relations 
(I3~T|) imply that 

c\u\ = Ux(l — c 2 ) and C\U\ — u\\j (\ — c 2 ). 

Hence 

a\ = u\C\U\C\ — u\c\\J (1 — c\) — pe 1 ^ 1 

with p ^ if a\ ^ 0. 

a) If = then a^a! + aia\ = 1 implies that 

01=^ Q J 01. 

b) If a 2 ^ then by uniqueness of the polar decomposition 

u\ = e^-l, c\{l-c\)=pl-l 

implying that cr(c 2 ) = {x%, 1 — x\\, where x\(\ — x\) = p\, < x\ < 1/2. 

Further, if cr(c 2 ) = {i} then ai = where wi is unitary, and by Fu- 

glede's theorem a 2 a\ + a\a 2 — 0. So when y 7^ we should consider only the case 
< x\ < i. Then, up to unitary equivalence, 

(3.3) 01 =(^ Z ^. 1 'Y' 1 )'^! ' 2 ^' 

We start with the analysis of case b) and suppose that ai is given by (|3.3(l 
From a\a 2 = —a 2 a\ we get 

_ ( bi b 2y /l - xi \ 

a2 ~\ -e-^b 2 ^xT -h ) ' 
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then the relation a\ai + a,2a\ = y implies that 62(1 — 2xi) = y. Since < x\ < h, 

l-2xi V x l 



and from aJja^ + 0202 = 1 we get 

M 2 

(3.4) b\b 1 + b 1 b* 1 = l " 



(l-2xi) 2 ' 

Clearly the family {a,, a*, z = 1, 2} is irreducible iff so is {61, b\]. 

Representations of (|3.4|) exist iff \y\ < 1 — 2x±. Furthermore x\ € (0, 1/2) im- 
plies \y\ < 1 and x\ < i^L. Evidently, < Xi < \y\ < 1 yields \y\ < 1. 
bl) If xi = i^M, then 61 = 0. 

b2) If < xi < put 61 = Jl - -p-^Tp-'&i, then 6| 61+61 6| = 1 and the family 

{dj, a*, z = 1, 2} is irreducible iff so is 1 61, Two families |a^, o^*, i = l,2|, 

j = 1,2, are unitarily equivalent iff the corresponding families , J = 1,2, 

are unitarily equivalent. 

Then in the irreducible case one has (see Section 2) 

b2.1) 



(3.5) 61 



b2.2) 



y\2 / gt<fc 



(1 - 2xi) 2 V VI - x 2 
0<x 2 < -, 02 e [0,2tt). 



(3.6) ir^ e *^[°'^ 

We now turn to case a): x\ — 0. Repeating the arguments given in b) with Xi = 
we obtain that 

«i = ( I q ^ , «2 = f q 1 _5 X 1 and + fo i fo i = 1 - \y\ 2 - 

If \y\ = 1, then 61 = 0. When \y\ < 1 to get 61 one has to put x\ = in (|3.5|) . (|3.6|l . 
Let 

A/ = |(ari,a:a)| < x : < < x 2 < ^ 

Define an equivalence on D y x T 2 : 

(x 1 ,x 2 ,e i ^,e^)r.( yi ,y 2 , e ^,e i ^) 
iff cither 2:1 = j/i = 0, x 2 = y 2 , fa = fa or x 2 = y 2 = 0, x x = y t , fa = fa or 

xi=yi = ^—r^-, 4>i = "01- 

Summarizing the above discussion we have 

Theorem 3.1. The C* -algebra £(-l,y) is non-zero iff \y\ < 1. If y ^ 0, 
ften any irreducible representation of £{— l,y) is unitarily equivalent to one of the 
following: 
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a) If\y\ = l, ai =^\ °),a 2 =(° J 

b) \y\ < 1. 

bl) If Xl = i^i, i/ien 



Mi , / \ / n a , / j±kj 



^ ^* V — 2 — | [ w T^T V — 2~ 

62; I/O < xi < iften 
ifO <x 2 <\, 

ax = ( ^f 1 ) ® ( I \ ) ,0i G [0.27T), 2 € [0,2tt) 



(3.7) a 2 = Jl- itfJ ' ' ° '-"v'-s 



y ( o yr^A / 1 o 
ifx 2 = i, 

e^ 1 ^ 



«i 



VT 77 ^! 



£li /i _ M 2 j/v^^r 

e l-2xi V2 V (1-2*1)* 

When y ^ 0, |y| < 1, is fixed, the representations corresponding to non- equivalent 
tuples (xi,X2,e l ^' 1 ,e 1 ^ 2 ) G x T 2 are non- equivalent. 

Using this classification we can describe £(—l,y) for < \y\ < 1. The case 
y = will be studied separately below. 

Theorem 3.2. 1) IfO < \y\ < 1 then £ (— 1, y) can be realized as follows 

£(-1,2/) = {/ G C(D„ x T 2 -> M 4 (C)) | 

/(0,x 2) e i ^ ) e i ^) = /(0,x 2l l,e^), 

/(x 1 ,0,e^, e ^) = /(x 1 ,0,e*,l), 

/((l- |y |)/2,x 2 ,e^,e^) = /((l- | y |)/2, 0, , l) G M 2 (C) ® 1, 

^(0 2 )/(xi,l/2,e^ 1 ,e*) i / 2 (0 2 ) G M 2 (C)8M 2 (C), V0 2 G [0,2tt]}, 

w/iere 

i/ 2 : [0, 2tt] -> (7(4), h-> T(V($ ® 1 2 ), 

x ® y ^ y ® x, V(4>) is given by \2.4\) - 
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2) If \y\ = 1 then £{—l,y) is isomorphic to A/ 2 (C). 

PROOF. First, note that any irreducible representation of £{— l,y) is cither 
defined by formulas (|3.7|) or can be obtained by decomposition in irreducible com- 
ponents of such representations with x\ — or 12 = \- Hence if eij are given 
by C*(a i (x 1 ,x 2 ,e i ' i "-,e i ' 1 ' 2 ), i = 1,2) is isomorphic to £ (-l,y). Further, it is 
easy to check that 

vZfafaixi, 1/2, e*,e^> 2 (0 2 ) = 

= (J e#1 f I )eM 2 (C)eM 2 (C), 

^2(02)02(^1, 1/2, e*,e*)^ 2 (0 2 ) = 

•0 -°0 + 

e M 2 (C)eM 2 (C), 



V2 1 



(l-2a;i)2 



e 2 




y ( 1 
1-2Z1 I 1 



\A - x i 




a x ((l- M)/2,x 2 ,e*,e*) 



i+Ij/I 



a 2 ((l- I y |)/2,a;2,e*,e^ 2 ) = 



|y| 



i-lvl 
2 



|y| 



i+M 
2 



and if 7Tj, j = 1,2, are representations (possibly reducible) defined by (|3.7f) with 
non-equivalent tuples of parameters then C(7Ti,7r 2 ) = {0}. To complete the proof 
use the same arguments as in the proof of Theorem 1. □ 



3.2. Representations and enveloping C*-algebra of £(—1, 0). Let us con- 
sider the case y = 0. Analysis similar to that in Subsection 3.1 gives a description 
of the unitary equivalence classes of irreducible representations of £(—1,0). Note 
that here one must also consider the case o-{c\) = {5}- Namely, we have that the 
generators ai,a 2 in irreducible representations of £(—1,0) have one of the forms 
presented below. 
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1) 

(3.8) 



oi = 



e^y/xl 



yr^r l w l 1 



1 W e^y/xi 
-1 J ® I 



< x u x 2 < 1/2, < 0i,0 2 < 2tt; 



2) 

2a) 

/q q\ / 1 \ / e*V^ 

(3 - 9) ai = 7f 1° -i J' a2= ( vt^t 2 o 



< x 2 < 1/2, < 0i,02 < 2tt, 



2b) 



e l ^Jx{ \ e^ 2 / 1 

ai = 1 VT^T o V J' a2 = 7f lo -1 

< x x < 1/2, < 0i,02 < 2tt; 

3) 

rtin , / 1 \ 1/0 

(3.io) ai = 7flo -i J' a2 = 7ll i o 

< 01 < 7T, < 02 < 27T. 

As above we introduce an equivalence on Ii x L x T 2 : 

(x 1 ,x 2 ,e i <t>\e i ^)~ (y 1 ,y 2 ,e i ^,e i ^), 

iff n = yi = 0, a; 2 = 2/2, 02 = "02 or a; 2 = y 2 = 0, x\ = t/i, 0i = Vi- The 
representations given by 1), 2), 3) are equivalent iff they correspond to equivalent 
quadruples of parameters. 

We next present a realization of £(—1, 0) analogous to that given in Section 3.1. 

Theorem 3.3. The C* -algebra £(—1,0) is isomorphic to the following algebra 
of continuous matrix-functions 

{/ G C(/i x Ii x S 1 x S 1 -> M 4 (Q) | 

/(0,z 2 ,e*,e*) =f(0,x 2 ,l,e i ^), 

/(xi,0,e*,e*) =/(xi,0,e*,l), 

K(0i,02)/(l/2,x 2 ,e*,e*)^i(0i,0 2 ) e M 2 (C)0M 2 (C), V0i,0 2 e [0,2tt], 

^(0 2 )/(zi,l/2,e^\e^> 2 (0 2 ) G M 2 (C)®M 2 (C),V0 2 G [0,2tt]}, 
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where 

v x : [0, 2tt] x [0, 2tt] 17(4), (0i, 2 ) ^ ® 1 2 ), 

v 2 : [0, 2vr) -» (7(4), 2 h-> T(V(^ 2 ) 8 1 2 ), 
T : C 2 (g> C 2 -> C 2 <g) C 2 , x ® y i-> y <g> x, 

Wfa) = (l a ® V(^))5(l a <8> V*($), V(^) is ffiwen 6y 



„ / 1 \ / 1 \ / 00\ / 1 

PROOF. The proof is similar to ones of Theorems 12.21 and 13.21 We note only 
v\ (0! , (fe)ai (1/2, x 2 , e^ 1 , e**»)i^ (& > 2 ) = 



that 



fi (0i ,<h)*2 (1/2, 12, e^ 1 , e^)^ (0! > 2 ) = 



J ;)®(^ e *^)eM 2 (C)eM 2 (C), 

^(0 2 )a 1 (x 1 ,l/2,e*,e*)^ 2 (0 2 ) = 

J ;)®(^ e *f r )eM 2( c)eM 2 (C), 

^(0 2 )a 2 (xi,l/2,e l ^e^> 2 (0 2 ) = 



1 / e 1 ^ \ / 1 
71 e-** \ -1 



G M 2 (C)©M 2 (C). 



and C(7ri,7r 2 ) = {0} if 7Ti, 7r 2 are determined by (|3.8|) with non-equivalent tuples 
of parameters. □ 

Next we study when the C*-algebras £(— l,y) are isomorphic. 

PROPOSITION 3.4. For any y%, y 2 , such that either < \yi\ < 1, i = 1,2, or 
\yi\ = l,i = 1,2, £(— l,yi) is isomorphic to £{— l,y 2 ). £(—1,0) is noi isomorphic 
to any other £{— 1, y). 

Proof. The isomorphism of £(— l,yi) and£(-l,y 2 ) withO < \yi\ < l,i = 1,2, 
is induced by the homeomorphism z9 : x T 2 — > D a2 x T 2 given by the rule 

1 - M 
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To see that £(— 1,0) is not isomorphic to £(—l,y) when < \y\ < 1 consider the 
family p = {p\ x \ 2 , \Xi\ — 1, i = 1,2} of automorphisms of both algebras defined 

by 

P\lM( a i) = ^i a i' * = 1)2. 

Denote by J-q C £(—1,0) and T y C £(— l,y) the C*-subalgebras of the elements 
fixed by the family p. 
Then 

T = C*«(a*) n , (a*)"a?, i = l,2,n6 Z+). 

In fact, given i £ fo, e > 0, there exists a polynomial p in cij, a* such that 
|| 6 — £>|| < e. We can decompose p into sum of two polynomials pi, pi such that p\ 
is a sum of those homogeneous terms of p where each a* appears so many times as 
a* and P2 = p — pi . Using the relations in the algebra we have 

pi G C*(a?(a*) n , (a*) n a?, i=l,2, n e Z+). 

As 

2-ir p2tt 

/ P\ 1 .\ 2 {P2)d\id\ 2 = 0, 
Jo 



\b- P i\\ = j^\\ fj fj Px lM {b~P)d\id\ 2 \\ < 
1 



o Jo 

2tt /-27r 

-nTwl / IIPAi,A 2 (&-p)||dAidA 2 = 
l Z7r J Jo Jo 

2tt p2-K 

\\b — p||dAidA2 = ||6 — p|| < e, 



(27T) 



o Jo 



and hence 6 € C*(a"(a*)™, (a*) n a™, i = 1,2, n e Z + ). These arguments are 
standard in operator algebras theory and we give them just for the completeness. 

It follows from the relations between generators of £(—1, 0) and the description 
of J-q that is commutative. However, T v is non-commutative, since, for example, 
in £(— l,y), a\a\a2a2 ^ c^a^aiaj . Hence ^ T y and therefore £(—1,0) 9^ 
£(— 1, y) when < |y| < 1. To complete the proof recall that £(—1, y) is isomorphic 
to M 2 (C) if 1 2/| = 1 while £(-1,0) is not. □ 

Finally, let us consider the family of C*-algebras, £(e), defined as enveloping 
for WCAR with 

a 2 ai + aia 2 = y, e <\ y \< 1. 

It will be convenient for us to consider the polar decomposition of y, y = re 1 ^ . 
Using the results of Theorem 13. 21 it is easy to get the description of £{e). Let 

D e = {(r,x 1 ,x 2 ) I e<r<l, 0<X!<^-, < x 2 < i}. 
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Theorem 3.5. For any < e < 1 the C* -algebra £{e) can be realized as fol- 
lows: 

£ (e) = {/ G C(D S x T 3 M 4 (C)) | 
/(r, 0, x 2 , e», , e**») = /(r, 0, z 2 , 1, e^ 2 ), 
/(r, X! , 0, e* , ) = f(r, x u 0, e<*, , 1) , 
/(r, (1 - r)/2, x 2 , e** , e^ 2 ) = f(r, (1 - r)/2, 0, e* e^ 1 , l) G M 2 (C) <g> 1, 
/(l, 0, x 2 , , e*) = /(l, 0, 0, 1, l), 

^(0 2 )/(r, xi, 1/2, e*> 2 (0 2 ) € M 2 (C) © M 2 (C), V <fe G [0, 2tt]}. 

Proof. The proof is evident. □ 
Proposition 3.6. For any E\, £ 2 , < £$ < 1. i = 1,2, £(ei) is isomorphic to 

£{S2). 

Proof. The required isomorphism is induced by the following homeomorphism 
<&: D £l x T 3 -> D £2 x T 3 : 

(r, xr , x 2 , e» , , ) -> (e 2 + ^— (r - si) , xi , x 2 , e** , , ) . 

1 — El 1 — £i 

□ 

4. Description of £ (— 1). 



Our goal in this section to describe the "global" C* -algebra. We put y := re 



and n := 1 _' 2a , . When < r < 1 and < x\ < one has < n < 1. So, 
representation given by l|3.7|l has the form 

ai = ( e *v^ Wj J ) , 0i G [0,2.), 2 G [0,2.) 



(4.1) a 2 = /r~^(j 



e^ 2 ^ 

a/T - ~^ 



+ r ie " 

Consider 



VT^ J 1 

-e-*,/iT r 1 



L> = {(ri.ffii.ica) : < a* < 1, i = 1,2, < n < 1} x T 



3 



In this section we show that £ (— 1) is isomorphic to the C*-algebra of continuous 
matrix- functions on D generated by di, a 2 given by (|4.1|l . To do so we need the 
following auxiliary lemma. 

Lemma 4.1. Let it be a representation defined by \4-.l\j corresponding to a tuple 
(ri,l/2,a;2,e^,e^ 1 ,e^ 2 ), where < r x < 1. Then 7r is equivalent to representation 
7? defined by with parameters (0, 1/2, t, 1, e 11 ^ 1 , e^), where 

\J i(l — t) =| 2 |, ^> = org 2, 

r ,2 p i(20-0i) 



r?)Va; 2 (l-a; 2 )- 
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PROOF. First we note that the representation tt corresponding to (0, 1 /2, t, 1, e 1 ^ 1 
coincides with a representation of £(0, — 1) given by l|3.8|) with x\ = 1/2, 0i and 
02 = ip and it is equivalent to the direct sum of two-dimensional irreducible repre- 
sentations given by formula l|3.9[) . Section 3.2.: 

TT ~ 7T1 © 7T 2 , 

where ~k\ corresponds to parameters X2 — t, 0i/2 and 02 = ip and TT2 corresponds 
to (t, ^- + Tt,ijj). It is easy to see that tt\ ^ n 2 if t 7^ ^ and 7Ti ~ 7T2 otherwise. 

Thus, to prove lemma we have to show that for tuple (ri, 1/2, X2, e 1 ^ , e 1 ^ 1 , e l< ^ 2 ), 
< 7'i < 1 the corresponding representation it is equivalent to ~k\ © 7T2- 

Since ai, a2 defined by (|4. 1|> with xi = 5 give a reducible representation of 
WCAR and satisfy a\a 2 + 0201 = 0, according to results of Sec. 3.2, n is equivalent 
to the direct sum of two-dimensional irreducible representations of £(—1,0), tt ~ 
7?i © 7? 2 . Further 

-2 i(20-0i) 



x 2 = e * (1 - r^a^l-a*)- 



implies that 17(0202) — {t,l — t}, where \A(1 — t) =\ z | and u\ = e 1 ^ , ip = arg z, 
where 02 = 1(2(012 a 2)' is a polar decomposition. 

If I z \ < h then < t < h, and taking into account a\ — ^-J- we conclude that 
in this case 7?i, if 2 are determined by formulas l|3.9|) . Sec. 3.2, with X2 = t, 4> 2 = -ip. 
To describe the decomposition of n completely it is remained to verify whether or 
not 7?i and 7r 2 are equivalent. To do so we compute the dimension of commutant 
of tt. It is a routine to verify that if | z |< 4 then 

dim{7r(a l ), i = 1,2}' = 2. 

Hence 7?i 7^ 7?2 and we can suppose that tt\, 7?2 correspond to (|3.9() with tuples 
(t, ^-,ip) and (t, ^- + 7r, -0) respectively. I.e., if | 2 |< |, then 7^ ~ 7Tj, i = 1, 2. 
If I z |= I then t = h, i/j = 2(f) — <f)i + ir mod 27r, and 

(4-2) a ? = £_ )a 2 = ^_ . 

(Moreover if < r\ < 1 we additionally have X2 = \ and 2 = 20— 0i +7r mod 2tt.) 

Since the two-dimensional irreducible representation of £ (0, — 1) with 01, 0,2 
satisfying (|4.2|) is unique we conclude that tti ~ 7r 2 and defined by (|3.1UI) . Sec. 3.2, 
with (^,■0). Hence, when | z | = | we also have TTi ~ 7Ti, i = 1,2 (recall, that 
the representations given by H3.10[l corresponding to (^-,ip) and + tt, tp) are 
equivalent). 

So, we have shown that there exists a unitary matrix-function 

U = U(rx, 032,0, 01,02), 

such that 

l7*(n,X2, 0, 01, 02H(n, 1/2, x 2 , e** e*, e i ^)U{r u x 2 , 0, 0i, 2 ) = 
= a 4 (O,l/2,01,e*,e^), 
where a,, i = 1,2, are defined by (|4.1|) and -0 are specified above. □ 

Remark 4.2. The matrix-function U can be written explicitly, however we do 
not give it here. 
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Now we are ready to formulate the main results of this section. 

Theorem 4.3. 

£ (- 1) ~ C* ( ai (n , xi, x 2 , e*+, e** 1 , ), i = 1, 2) 

where ai, i=l,2, are given by and (n, Xi, x 2, e l< ^, e 1 ^ 1 , e 1 ^ 2 ) E D. 

PROOF. The result follows directly from the definition of enveloping C*-algebra 
and results of Theorems 13.21 l3~3l and Lemma f4. II □ 

Theorem 4.4. The C* -algebra £ (— 1) is isomorphic to the C* -algebra of contin- 
uous matrix- functions f : D — > M^(C) satisfying the following boundary conditions 

f(n, 0, x 2 , e^, e** 1 , e**") = /(n.O, x 2 , 1, e*) 

/(n, a;i,0, e**\e*+») = /(ri,Xi,0, e^, 1) 

/(l, : ri ) x 2 ,e^ ) e i ^ ) e*) = /(l,ar ll O,e^,e^ ) l) e M 2 (C) <g> 1 2 

/(0, a?!, x 2 , e*+») = /(0, a^, a*, 1, e*, e*) 

^(0 2 )/(r 1 ,a; 1 ,l/2,e^,e*,e*)^(0 2 ) e M 2 (C) © M 2 (C) 

vt(<k,<h)f(P, 1/2, s a , e*, e Wa )i*(&, <fe) € M 2 (C) M 2 (C) 

U*(ri,x 2 , <j>, 0i, <fo)f{r\, 1/2, x 2 , e 40 , e 1 ^ 1 , e^ 2 )[/(ri, x 2 , 0, 0i, 2 ) = 

= /(0,l/2,t,l,e^,e^), 

where t, ip and U(-) are specified in Lemma \4-.1\ 

PROOF. The proof is the same as for Theorems 13. 21 13.31 □ 

Remark 4.5. Note that {7(0, x 2 , <f>, (pi, 4>i) = 17(0, x 2 , 1, <j>i, 2 ) = I4. 

Acknowledgements. We are indebted to Prof. P.E.T. J0rgensen and Prof. Yu.S. 
Samoilenko for helpful discussions on the subject. 
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